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ABSTRACT

Recently, the superior performance of machine learning approaches over
classical forecasting models for complex time series analysis has been
demonstrated in various domains. However, predicting chaotic time series
continues to be a major challenge due to their inherent complexity. This

paper investigates the accuracy, efficiency, and robustness of three recurrent

neural network architectures:

(i) next generation reservoir computing,

(ii) reservoir computing, (iii) long short-term memory for the task of
chaotic systems prediction. Four canonical chaotic systems, namely the
Lorenz, Rossler, Chen, and Qi systems, are used for comparing these three
methods. Numerical results demonstrate that the next generation reservoir
computing is more computationally efficient and offers greater potential for
predicting long-term chaotic time series.

Keywords: Time series prediction; Chaotic time series; Recurrent neural

networks

(co) TR

1. Introduction

The analysis of time series data is fundamental to numerous
fields within the natural and social sciences,'” as these
datasets are essential for understanding complex system
behavior and developing predictive models. Recently,
machine learning techniques have emerged as powerful
approaches for analyzing and predicting time series
data.*” Nevertheless, predicting highly complex time series
remains a significant challenge due to their non-periodic
behavior. Chaotic time series are among the most complex
because even small perturbations in initial values lead
to extremely large variations in their behavior, rendering
long-term prediction of chaotic time series exceptionally
difficult.
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Citation:

For predicting chaotic time series, recurrent neural
networks (RNNSs) significantly outperform conventional
feed-forward (FF) neural networks!®!* because their
recurrent structure is inherently designed to capture
temporal dependencies. = Among RNNSs, two specific
architectures, namely long short-term memory (LSTM)
networks'™™® and reservoir computing (RC)," ™ have
excelled at predicting chaotic time series. By incorporating
gating mechanisms, LSTM networks overcome the
vanishing gradient problem that impairs the ability of
traditional RNNs to learn long-range dependencies. On
the other hand, a RC model utilizes a type of RNN
with a large, fixed pool of interconnected neurons
called the reservoir. To simplify training and avoid the
vanishing gradient problem, the connection weights to
and within the reservoir are initialized randomly and
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remain fixed. Consequently, only the output weights are
trained, typically using a regularized linear least-squares
optimization. A comparison of these two methods for
predicting chaotic time series is presented in Vlachas et
al?

The effectiveness of randomly constructed RCs in
accurately forecasting chaotic time series has motivated
a deeper investigation into their operating principles. A
key insight from Bollt* showed that RCs with linear
and quadratic readouts can be interpreted as vector
auto-regressive (VAR) and non-linear VAR (NVAR) models,
respectively. Inspired by this, next-generation reservoir
computing (NG-RC) was proposed in Gauthier et al.*
Compared to traditional RC, NG-RC replaces the random
reservoir with a feature vector composed directly of the
time-delayed system observations and their nonlinear
functions, effectively creating a data-driven NVAR model.
Additionally, NG-RC requires less training time than
conventional RC. Due to these advantages, NG-RC can
reproduce long-term chaotic time series and infer the
behavior of unseen data from a chaotic system.

In spite of achieving high performance on
one-step-ahead predictions for chaotic time series,?
multi-step forecasting remains a major challenge and
a critical benchmark for machine learning. An LSTM
network that achieves strong performance on multi-step
chaotic time series forecasting was designed in Sangiorgio
and Dercole.”® Other LSTM networks have proven
to be an effective method for multi-step time series
predic’riom.zg’32 In recent years, RC has been extensively
investigated for the task of multi-step forecasting of
chaotic time series.™® Na et al.*® proposed a modified
RNN architecture named the hierarchical delay-memory
echo state network (HDESN), which has multiple
reservoirs with delay-memory capabilities to better extract
information from chaotic time series. To overcome the
antagonistic trade-off between memory capacity and
nonlinear transformation for multi-step chaotic time
series prediction, the hierarchical echo state network
with augmented random features (HESN-ARF) was
proposed in Na et al,* which leverages a hierarchical
structure and nonlinear kernel transformations to
enhance both properties simultaneously while maintaining
computational efficiency. As a computationally efficient
method, NG-RC has demonstrated strong performance in
multi-step chaotic time series predic’rion.‘““l2 Furthermore,
the potential of NG-RC remains underexplored, leaving
significant avenues for future investigation.

The main contributions of this work are threefold.
Firstly, we compare the capability of three ML methods
for forecasting chaotic time series obtained from four
representative dynamical systems. Secondly, we further
compare the abilities of RC and NG-RC on predicting
chaotic time series using a smaller observable dataset and
extend their prediction horizons. Finally, we test the
robustness of RC and NG-RC in predicting chaotic time
series derived from noisy system ODEs.

The remainder of this paper is organized as follows.
In Section 2, we formulate the benchmarking prediction
problems. Section 3 summarizes the modeling approaches
used for forecasting chaotic time series, providing details
on each model’s implementation and the evaluation metrics
employed. In Section 4, we apply these methods to address
the different forecasting tasks and discuss each method’s
strengths and weaknesses. Finally, Section 5 presents our
conclusions.

2. Problem formulation

The evolution of chaotic system is governed by an ordinary
differential equation (ODE):

@(t) = f(z(t)), 1)

where f(-) represents the system dynamics, z(t) € R"
is the state vector, and ¢ denotes time.

Problem 1 (Multi-steps Forecasting Chaotic Time Series):
Suppose in a finite time horizon ¢ € [0, T}, the state vector
x(t) is only observable in a limited time period [0,71],
where 0 < Ty < T. This means we have a discrete time
series of the system’s state, sampled at a uniform interval
to over the period [0,71]. The data is represented by the
sequence z(0), z(to), z(2to), ..., x(71). Our aim is to
use these time-limited observable state data to predict the
system’s true state in the time horizon ¢ € [T1,T).

Problem 2 (Predicting Noisy Chaotic System Behavior):
Chaotic system process is easily affected by unknown noise
in the real world. Usually, the observed state of a system
is a combination of real system state 2(¢t) € R" and noise
e € R". Using noisy input data represents a more realistic
implementation in practical applications for chaotic time
series predictions. In short, predicting noise chaotic time
series also test algorithm’s robustness when encounter
some unknown perturbations.

3. Models and methods
3.1. Long short-term memory network

An LSTM network processes a variable-length sequence
z = (x1,%2,...,%n) using a recurring module with a
central cell state. This cell state is updated at each time step,
and the flow of information is governed by the following
three primary gates:

(i) The forget gate determines the proportion of
the previous state’s information that needs to be
discarded

(ii) The input gate regulates how much of the new
information from the current input is stored in the
cell state.

(iii) The output gate controls which portion of the
updated cell state is passed on as the hidden state
and exposed to the next layer. The forms of the
equations for an LSTM cell are

fe = 0g(Wyzi + Usht—1 + by),
it = og(Wize + Ushi—1 + bi),
or = og(Woxt + Ushi—1 + bo),
¢t = oc(Wewe + Uchi—1 + be),
ct = ft ®ct—1 + it © Gy,

hy = ot ® op(ct),

)

where z; € R? is the input vector, f:,:,0: represent
the gate activation vectors, (h¢, ¢; are the output vector and
input activation vector, respectively, and ¢; € R” is the
cell state vector. The learnable parameters of the network
are given by W € R4 U € R, and b € R", which
correspond to the input weights, recurrent weights, and
bias vector, respectively. The structure of LSTM is shown
in Figure 1.
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Figure 1. The LSTM cell’s structure

LSTMs are useful to handle sequence prediction
problems with input data that has long-range temporal
dependencies. It is designed to retain information from past
states and specifically addresses long-term dependency
issues, making it perfectly suited for modeling a chaotic
system. This is because the future state of the system
predominantly relies on a limited number of preceding
states.

3.2. Reservoir computing (RC)

The most common realization of the RC approach is
echo state networks (ESNs), which have the advantage
of low training cost, which is superior in terms of low
training cost, comparing to other ML approaches. A
key feature of it is that the training process is confined
to the output layer, namely the readout layer. While
the internal network parameters are randomly initialized
and remain fixed thereafter, only the readout weights are
learned. Consequently, the optimization task simplifies
from a nonlinear problem to a standard linear regression,
which can be solved efficiently.

RC is an effective method for modeling and predicting
nonlinear dynamics (e.g., chaotic dynamics). Figure 2
shows a typical type of RC, which consists of an input layer,
a reservoir layer (also known as the hidden layer), and an
output layer. The input layer and output layer sizes are
specified by a nonlinear system’s input and output sizes.
The raw inputs are transformed and linked to the internal
part of the RC, which consists of a coupled dynamical
system with multiple nodes forming a recurrent network.
The internal states of this system are calculated according
to predetermined computational rules, and the outputs are
generated by combining these internal states. In a standard
RC setup, the connections from input to internal states
and within the internal network are fixed, while only the
connection from internal states to output is trained. This
contrasts with general RNNs, where the entire network is
trainable. RC can generally be mathematically described as
the follows:

z(t+1)=(1-~)z(t) + Wf(W:r(t)

+ WWa(t) +b) ®3)

y(t) = W (t)
where f is a nonlinear activation function (e.g.,
tanh(-)). The inputs and outputs are mapped by weights
W and weu, respectively. On the other hand, the
internal network weight is WW. The constant parameters
b and ~ are introduced to ensure that the states z(t)
remain bounded, non-diminishing, and ideally exhibit rich
patterns, facilitating subsequent extraction. The output
weight is derived from minimizing a loss function. Given a

time series data set z(t), which is typically to be normalized
for ensuring the model fairness and stability. Once the
RC system is established by fixing the choice of all other
parameters f, W W 4 and b during the training
process, the output weight can be obtained as follows:

W(out) — argmin (HXw — z||2 + /6||1U”2)7 (4:)

[I(l)Tvm(Q)Tv'"7$(T)]T7Z =
[2(1)7,2(2)",...,2(T) "], and B € [0,1]. is a penalization
term that prevents w from becoming too large. This
problem is a form of Tikhonov regularization which yields

an explicit solution (W) " = (XTX + 81)7'X " z.

where =z =

3.3. Next generation reservoir computing

NG-RC requires shorter training datasets and training
time compared to RC.” The NG-RC does not require a
neural network; instead, it constructs a feature vector
directly from the discretely sampled input data. As shown
in Figure 3, Ootal = ¢® Olin ® Ononlin, Where @ represents the
vector concatenation operation. Here, c is a constant bias
term, Olin, Onhonlin Tepresent linear part and nonlinear parts
of feature vector, respectively. Furthermore, the output
weight matrix has the same form with RC.

WO = 204 (Owat Orgra + BI) ™ ®)
The linear features Oy, ; at time ¢ are constructed
from observations from input vector X, where X; =
[z1,4,Z2,4,...,%a,], d denotes its dimension.  These
observations are taken at the current time step and at &
previous time steps, with each time step spaced by s.
Here, s; represents the number of skipped steps between
consecutive observations. Thus, Oy, has dk components
and is given by

Olin=Xi®Xi-s ®Xi2s D - B Xi_(e—1)s-  (6)

The nonlinear part Ononiin Of the feature vector is
composed of nonlinear polynomial features of Oy;,,, where
a pM-order polynomial feature vector can be formulated as:

Ononlin = Olv’,n ® Olin ®-® Olinp B (7)

with Oy, appearing p times, where ® denotes the
tensor product, from which only the unique monomials are
collected into a vector. Another advantage of NG-RC over
regular RC is that it requires a shorter warm-up period of
sk time steps, while traditional RC needs a longer warm-up
period to ensure that the reservoir state is independent of
the initial conditions. Reducing the warm-up time can be
advantageous in scenarios where data are scarce or when it
is hard to collect data.

4. Simulation and results
4.1. Dataset generation

To obtain real system datasets, we select four representative
chaotic systems,‘*s'44 shown in Figure 4, which consists of
5000 data points for each state with time step of dt = 0.01s
using the RK23 method in Python.

1) Lorenz system : The following equation describes
the Lorenz system:

b= o(y— 1),
) =z(p—2) —y, ®)
zzmy—ﬂz,
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Figure 4. Four representative chaotic systems (a) Lorenz system, (b) Rossler system, (c) Chen system, and (d) Qi system

where constants o, p, [ are system parameters. The
system exhibits chaotic behavior for these (and nearby)
valueso =10, p=28, fB=3%.

2) Rssler system : The following equation describes
the Rossler system:

T =-y-—z,
y=x+ay, 9)
2= (x—c)z+0.

we use the parameters a = 0.2,b = 0.2,¢ = 5.7 for
studying the chaotic behavior of the Rossler system.

3) Chen system : The Chen system is a double scroll
chaotic attractor defined as follows:

1 Data used for warming-up RC and NG-RC are contained in train dataset.

4

& =a(y — ),
y=(c—a)r —xz+ cy, (10)
2 =uzy — bz,

we use the parameters a = 40,b = 28,¢ = 3 for

studying the chaotic behavior of the Chen system.

4) Qi system : The following equation describes the
Qi system:

i =aly—a) +yz,

y=(a—c)zx—y—xz, 11)
z=uxy — bz,
we use the parameters a = 35,b = 7,¢ = 10 for

studying the chaotic behavior of the Qi system.
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Figure 6. Comparison results of training RC and NG-RC with a smaller dataset. (a) Real attractor, (b) NG-RC predicted attractor, (c) RC
predicted attractor, (d) each state of NG-RC predicted attractor (blue), (e) each state of RC predicted attractor (blue).



Rao et. al. / Nonlinear Science and Control Engineering, Vol. 1, No. 1 (2025)

c } 271 | 27 }
X — 261 — 26 :
ye —] 25 || 25 |
zt ] 241 i 24
X1 231 = 23
Ye-11 [ ] 22 1 B 22 B
FARE ] 21+ i 21
X2 i 20 1 = 20 1 B
Xy J— 19 | 19 4 E
xze | — 18 e 18 1
XeXe -1 i 17 A | 17 1 |
Xyt-11 — 16 - 16 E
XeZt-11 — 15 J— 15
gy i 14 I 14 g
E YeZt I 13 4 = 13 =
YeXe-11 e 121 i 12—
Yeye-11 I 11 A i 11 |
YeZe-11 | 10 [ 10 ]
22 91 i 9 |
201 1 — 8 | — ¢ —
Zty-11 | 71 B 71 |
z:zt-1 } 6 | 6 |
X217 i 51 = 51 =
— ] L 3 E—
N 2 —
Yé-11 i 2 } 24 B
Yt-1Zt-1 7 | 14 - 11 i
Z1 I 01 | 01 |
—-02 -01 00 01 02 -02 -01 00 01 02 -02 -01 00 01 02
[WOUf]X [WDUf]y [WOUI]Z

Figure 7. The output weights distribution of the NG-RC in Task 1

To evaluate the performance of these approaches
in multi-step forecasting of chaotic time series, the
aforementioned methods are applied to predict the four
chaotic benchmarks with the same initial condition
[%0, o, z0] = [17.6771581, 12.9313791, 43.9140433).

4.2. Task 1: Multi-steps forecasting of chaotic time series

For Task 1, we divide the dataset into a train and a
test datasetl with a ratio of 8:2. For the LSTM and RC
approaches, each dimension of the dataset! is scaled into
[0, 1] using minmaxscaler to ensure training stability and
accelerate training convergence. The LSTM network’s input
and output dimensions are set to 3 with a hidden layer of
size 16 and it is trained for 300 epochs. The RC’s parameters
are set as shown in Table 1. The NG-RC’s delay and stride
parameters are set to k = 2 and s = 1 with order p = 2.
The regularization term 8 = 2.5 x 10~°. After setting up all
methods, we run them in Python on a single-core desktop
processor. As shown in Figure 5, a qualitative comparison
between the NG-RC, RC’s predicted results, and the actual
system reveals a high degree of similarity, indicating
that NG-RC and RC can reproduce the long-term chaotic
dynamics process with an adequate training dataset. On
the other hand, the results from the LSTM show that it
cannot reproduce the chaotic system dynamics even if it is
well-trained for single-step forecasting. This makes sense
because in a one-step forecasting task, LSTM may perform
well since it only needs to input past data. But in this task,
the LSTM network needs to use its own output as new
input to generate the entire chaotic behavior recursively.
Therefore, we conclude that the difference between the

LSTM and the other two methods is that the latter two
learn the intrinsic dynamics of the chaotic system, while the
former only learns the trend of the data.

Table 1. Hyperparameters of RC

Params Value
Number of Units 4000
Leak rate 0.3
Spectral radius 1.25
Connectivity 0.1
Regularization le-8

Compared with RC, NG-RC shows almost the same
predictive ability as RC in this task but is significantly faster,
as shown in Table 2. Therefore, we conducted another
comparison experiment with RC and NG-RC which uses
only a small training dataset to train and predict the rest of
the dataset. In this experiment, the first 500 and 250 data
points are used for training and warming-up, respectively.
The remaining 4250 data points are testing data points used
for comparing with the generated attractor. The RC and
NG-RC’s parameter settings are the same as above. As
shown in Figure 6, RC cannot predict the Lorenz chaotic
behavior over the entire prediction length due to the lack
of a sufficient training dataset. However, it can be seen
that the NG-RC can still perform well in a scenario with a
small training dataset. Even though a gap exists between
the real attractor and the predicted attractor, they are
similar in shape, which indicates that NG-RC learns the
topology of the Lorenz system and that its model has a
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clear interpretability. Other comparison results for Ro"ssler,
Chen, Qi system are shown in Appendix (Figures A1-3).
The output weights distribution of the NG-RC readout
layer is shown in Figure 7.

Table 2. Training time comparison

Time NG-RC RC LSTM
Lorenz 0.46s 0.72s 13.4ls
Rossler 0.49s 0.76s  14.05s
Chen 0.50s 0.84s 14.37s
Qi 0.46s 0.75s 13.92s

Also, to better present NG-RC'’s superior performance
over a relatively long time horizon, we also extended the
dynamical system process time to 100 s. In other words, we
use a total of 10,000 data points to train and test NG-RC. In
this setting, we use 2000 and 3000 points for warm-up and
training, respectively. The remaining 5000 points are used
for testing. The results are shown in Figure 8.

time

Figure 8. The NG-RC model’s prediction of the Chen system over
a long horizon, shown in the gray area, exhibits strong initial
performance and demonstrates the model’s forecasting ability

It can be seen that the prediction on the state vector
deviates from the ground truth in the plots from each
z,y, z dimension, yet from the 3-D state trajectory plot, the
prediction captures the overall system behavior adequately.
Overall, NG- RC and RC outperform LSTM in prediction
when trained with a sufficient training dataset. NG-RC also
showed better prediction results in the experiment where
RC and NG-RC were trained only with a small dataset,
which shows the data efficiency of NG-RC. It is worth
mentioning that NG-RC also has an explicit interpretability
compared to other methods and shows good prediction
results in the long-horizon prediction task. Therefore,
problem 1 has been solved.

4.3. Task 2: Predicting system state with noisy input data

To benchmark NG-RC and RC’s robustness on noisy
systems, we use the following noisy Lorenz system to
generate a dataset with process noise.

& =10(y — z) + oeq,

y=x(28 — z) —y + oea, (12)

z=2xy — §z+053,

where Gaussian noise is &; ~ N(0,1),i = 1,2,3. o is
the magnitude of the noise. Except for these modifications,
the RC and NG-RC’s parameters are set the same as in Task
1. Data points totaling 3750 and 250 are used for training
and warm-up, respectively. Prediction results of RC and
NG-RC given in Figure 9 show good performance when
encountering different noise levels. Even for the Lorenz
system with a high level of noise, both RC and NG-RC
show similar predictive results that reproduce the Lorenz
system. It indicates RC and NG-RC have nearly the same
robustness to noise. More experiments with different noise
levels are presented in the Appendix (Figures A4-6). So we
solved problem 2.

5. Discussion

In this study, three popular machine learning approaches
for time-series forecasting—NG-RC, RC, and LSTM—were
evaluated on their ability to predict four representative
chaotic systems: Lorenz, Rossler, Chen, and Qi.

Our results from the primary forecasting task (Task
1) show that the NG-RC method consistently outperforms
the other models. Its advantages are multifaceted,
including faster computational speed and fewer adjustable
parameters. Unlike RC and LSTM, whose parameter counts
can explode dramatically with increasing data dimensions,
NG-RC maintains a lightweight network structure. This
efficiency does not come at the cost of performance;
in fact, NG-RC provides clear model interpretability by
revealing the weights of linear and nonlinear components,
thereby clarifying the impact of each on the final model.
Furthermore, the experiments demonstrated NG-RC'’s
superior data efficiency. When the training dataset size
was significantly reduced, the standard RC model failed
to accurately predict the chaotic time series, whereas the
performance of NG-RC was largely unaffected.

We also tested NG-RC’s performance over a long
time horizon, where it produced satisfactory results
in reproducing the system’s overall chaotic behavior.
Although the generated attractor was not a perfect
one-to-one match with the ground truth, NG-RC
successfully learned the fundamental topology of the real
attractor.  This finding further demonstrates NG-RC’s
powerful ability to model complex system dynamics from
only a small sample of observable data points.

Moreover, a robustness test was conducted by adding
random Gaussian noise to the dynamical systems. In
contrast to traditional models that can be highly sensitive
to polluted data, both NG-RC and RC proved to be robust.
Both methods were able to successfully reproduce the
underlying chaotic dynamics even when trained on time
series with high levels of noise.

The primary limitation of the standard RC approach
is its lack of interpretability; it functions as a “black-box”
model with numerous hyperparameters requiring careful
adjustment. While a tuned RC model can represent a
time series, it offers little insight into the mathematical
structure of the data. NG-RC overcomes this by
providing a more transparent and efficient framework.
Its demonstrated capabilities suggest strong potential
for various engineering applications, such as creating
digital twins for physical systems from observed data
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Figure 9. Prediction performance of the noisy Lorenz system for RC and NG-RC with different noise level. (a) Original real attractor, (b)

NG-RC’s prediction results, (c) RC’s prediction results.

or integrating approximate models with real-time
observations for data assimilation. ~When deriving a
system’s governing equations from first principles is
challenging, NG-RC presents a more effective solution than
other data-driven methods.

6. Conclusion

This paper demonstrated the superior performance of the
NG-RC model for forecasting chaotic time series compared
to standard RC and LSTM networks. Our future work will
focus on developing efficient methods to predict chaotic
systems affected by different types of noise. We also
plan to benchmark the ability of various machine learning
models to reconstruct unseen system states from partially
observable data, a challenge with significant implications
for control systems engineering.
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Appendix
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Figure A1l. Comparison results of training RC and NG-RC with a smaller dataset of the Rossler system (750 data points for training and
250 data points for warming-up). (a) Real attractor. (b) NG-RC predicted attractor. (c) RC predicted attractor. (d) Each state of NG-RC
predicted attractor (blue). (e) Each state of RC predicted attractor (blue).

20
(a)
20 — predict attractor 20 — predict attractor
—— real attractor —— Real attractor
| | ———

< o A AL A "

20 20
P 7 ) P % o ) ) ) )

Figure A2. Comparison results of training RC and NG-RC with a smaller dataset of the Chen system (150 data points for training and
100 data points for warming-up). (a) Real attractor, (b) NG-RC predicted attractor, (c) RC predicted attractor, (d) each state of NG-RC
predicted attractor (blue), (e) each state of RC predicted attractor (blue).
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Figure A3. Comparison results of training RC and NG-RC with a smaller dataset of the Qi system (150 data points for training and 100
data points for warming-up). (a) Real attractor, (b) NG-RC predicted attractor, (c) NG-RC’s prediction, (d) each state of NG-RC predicted
attractor (blue), (e) each state of RC predicted attractor (blue).

Figure A4. Prediction performance of the noisy Chen system for RC and NG-RC with different noise levels. (a) Original real attractor, (b)
NG-RC’s prediction, (c) RC’s prediction results.
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Figure A5. Prediction performance of the noisy Qi system for RC and NG-RC with different noise levels. (a) Original real attractor, (b)

NG-RC’s prediction results, (c) RC’s prediction results.

TR

Figure A6. Prediction performance of the noisy Qi system for RC and NG-RC with different noise levels. (a) Original real attractor, (b)

NG-RC'’s prediction results, (c) RC’s prediction results.
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